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The force F(x) and torque G(x) acting on a conducting body or particle suspended
at position x in a magnetic field Re (B,(x)e ) are determined to leading order in the
ratio of the scale a of the particle to the scale L of the field. When the particle is
spherical, F decomposes naturally into an irrotational ‘lift’ force F* and a solenoidal
‘drag’ force F® related to G by

FP+lVAG=0.

This relationship is important when the action of the field on a suspension of such
spheres is considered, because it implies that the net effective force per unit volume
acting to generate bulk flow is zero in any region where the concentration ¢ is
uniform. However, non-uniformity is generated by the force ingredient F~ and bulk
flow is then generated through interaction of G and Vc. These effects are
demonstrated for two examples involving rotating and travelling fields. Interactions
of a finite number X of spheres are also considered, and in particular it is shown that
when the field is a uniform rotating one, the governing dynamical system is at
leading order Hamiltonian with four independent integral invariants. When N > 4,
the system in general exhibits chaos.

1. Introduction

When an electrically conducting particle is suspended in an a.c. (time-periodic)
magnetic field, electric currents are induced in the particle; these interact with the
applied field to give a Lorentz force distribution, which has a mean (i.e. time-
averaged) part, and a fluctuating part. There is then in general a total mean force F
and torque (or couple) G acting on the particle.

Although this type of induction problem is classical in character (Lamb 1883),
there are certain features that do not seem to be widely understood. The features
that we shall focus on in this paper are well illustrated by three different
configurations, sketched in figure 1(a—c), which are believed to be prototypical. The
first (figure 1a) is the rotating field configuration, in which a uniform field is caused
to rotate with angular velocity w by the use of three-phase windings in the external
coils carrying the source currents. If a conducting sphere is suspended in this field,
then it experiences a torque G tending to rotate it in the same sense as the rotation
of the field. If the sphere is suspended on a wire, it will rotate until the
electromagnetic torque is balanced by the torque transmitted through the twisted
wire and will then attain a position of equilibrium. This mechanism was first
identified by Braunbeck (1932). If, on the other hand, it is suspended in a (non-
conducting) viscous fluid, then it will rotate with angular velocity 2 determined by
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Fiaure 1. Prototype fields, and their effect on a suspended sphere: (a) rotating field;
(b) travelling field; (c) levitating field.
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the condition that the sum of the electromagnetic and viscous torques acting on the
sphere be zero.

The second configuration (figure 1b) is that of the travelling field, in which the
applied field has a progressive wave form ~ e!**~9 again through the use of three-
phase external windings. If a conducting sphere is placed in the symmetric position
P indicated in the figure, then it experiences a ‘drag force’ F? in the direction of
travel of the wave, and tending to accelerate the sphere in this direction. If the sphere
is surrounded by viscous fluid, then this acceleration will be arrested when the force
F® is balanced by the viscous drag acting on the sphere.

The third configuration (figure 1c¢) is that of the ‘levitating field’ which may be
produced by single-phase source currents. There is then a levitating or ‘lift’ force F-
acting on a suspended sphere in the direction indicated.

In more general situations, we shall find that the body experiences a torque G and
both force ingredients F° and F* simultaneously. (For example the sphere in the non-
symmetric position @ in figure 15 experiences a force F° + F- and a torque G in the
sense indicated.) These depend on the position vector x of the centre of the sphere,
and we shall find that there is a simple relation between the force ingredient FP(x)
and the torque G(x), namely,

F° =1V A G. (1.1)

It is worth noting that in both the problems of figures 1 (@) and 1 (b), it is the relative
motion between sphere and field which leads to induced currents and so to the
Lorentz force distribution. Thus, in the travelling field case (figure 15), in a frame of
reference moving with the field (i.e. with velocity ¥V = (w/k, 0, 0)), the field is at rest,
and the sphere moves with velocity — V. The mean drag force FP acting on the sphere
is of course unaffected by this change of viewpoint (provided V/c¢ <€ 1 and relativistic
effects are negligible).
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The rotating field case (figure 1a) is a little more subtle. Relative to a frame of
reference rotating with angular velocity w, the field is at rest, and the sphere moves
in a circular orbit with angular velocity —w with synchronous rotation relative to its
centre (so that the same point of the sphere is always nearest to the centre of its
circular orbit). The motion of the sphere thus consists of translation V plus rotation
— o, but it is only the rotation (or ‘spin’) that induces currents (the translationally
induced electromagnetic force ¥V A B being annulled by an electric field E=—~V A B
established in the moving conductor by the spontaneous appearance of a surface
charge distribution). The torque G acting on the sphere is then associated with its
spin alone, and does not depend on the radius of its orbital motion.

The theory for determination of FP, FL and G will be developed within a general
framework in §2, under the assumption that the conductor is small in linear extent
compared with the lengthscale of variation of the applied field ; the case of a spherical
conductor is solved completely.

This theory serves as a preliminary for consideration of the effect of a time-periodic
field on a dilute suspension of conducting particles. This problem is interesting from
a fundamental point of view, because it is one of the few situations in which a torque
distribution per unit volume (as opposed to a force distribution per unit volume) may
be applied to a medium, the resulting stress tensor then being non-symmetric. (There
are here some points of contact with the theory of ferrofluids in rotating fields — see
Rosensweig 1985, chap. 8.)

We start in §3 with consideration of the problem of a suspension of N spheres in
a viscous fluid permeated by a uniform rotating magnetic field. Interactions between
the spheres are two-fold : first, each sphere tends to move with the local fluid velocity
resulting from rotation of all the other spheres — in this, the behaviour is very like the
‘N-vortex’ problem of classical hydrodynamics in which each vortex moves in the
velocity field associated with the others. There is however a second effect, relatively
weak for a dilute system, arising from the fact that each sphere ‘sees’ not a uniform
magnetic field but a field distorted by the presence of the other spheres, and therefore
experiences a force F as well as a torque G. This effect is analysed for the two-sphere
problem, and the sphere trajectories calculated.

When the system is sufficiently dilute for the latter effect to be negligible, the N-
sphere problem is indeed closely analogous to the N-vortex problem. When the
Reynolds number based on the spin angular velocity £2 of each sphere is small, the
sphere centres all move in planes perpendicular to 2, the associated dynamical
system being Hamiltonian and autonomous (§4). As well as the Hamiltonian H, there
are three further invariants, the 3-sphere problem being integrable, and the N-sphere
problem in general non-integrable for N > 4. Thus when N > 4, and when the initial
configuration has no particular symmetry, each sphere follows a chaotic trajectory
in the plane to which it is confined.

The suspension proper (with concentration ¢ < 1) is treated in §§5 and 6. The force
ingredients F. and FP translate into force densities cF“ and cFP where, for a
suspension of spheres, FL and FP are respectively irrotational and solenoidal. There
is also a torque density ¢G, and the effective force density driving a bulk flow is

cFL 4 cFP 41V A (cG). (1.2)

When ¢ is uniform, and when the suspended particles are spheres, this effective force
is irrotational (this follows from (1.1)) and no bulk flow arises. However, the
levitating force cF' generates inhomogeneities of concentration which then interact
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with G through the term —1G A Ve to produce a bulk flow. This flow is determined
in §6 for the case of a rotating multipole field, and for the travelling field. The various
threads are drawn together in the concluding §7.

2. Action of a time-periodic magnetic field on a conducting particle
Consider then a time-periodic magnetic field of the form

By(x,t) = B{(x) cos wt + BP(x) sin wt = Re (B,(x) %), (2.1)

where B, = BY +iB®. In what follows, the real part of expressions like B, e * will
be understood In the special situation in which B{’(x) and B{”(x) are everywhere
parallel, we may write B, = B{» ¥ 5o that

By(x,) = B{(x) cos (¢(x)—wt), (2.2)

and the field is a single-phase field. Generally, however, B{’ and B{’ are non-parallel,
and we have a multiphase field. Note that, with » representing a complex conjugate,

iB, A B = 2B" A BY, (2.3)

and this is real and non-zero for a multiphase field.

We suppose that the field By(x,¢) is produced by a system of currents in coils or
conductors that are external to a domain £ in which the background medium is non-
conducting. Hence B,(x) is a potential field in 9, i.e.

B(x)=VY¥, V¥, =0, (2.4)

where f’o( x) is a complex-valued scalar field. The lengthscale L characteristic of
variation of B (defined by L™ ~ ||VBON /||BOH where ||...|| is some suitably defined
norm) is determlned by the scale and remoteness of the source currents.

Suppose now that we introduce a particle of linear scale a small compared with L,
and uniform conductivity o, into this field. Let & = (2/u,0w)! where g, = 41 x 10~
(S.1. units), and let

A =a/8 = (a*u,00), (2.5)

a dimensionless parameter which plays an important part in what follows. When
A > 1, § is the familiar skin depth to which the magnetic field penetrates. When
A 5 1, the field penetrates throughout the conductor.

Let j(x,t) =j(x)e™™* be the current induced in the particle. Then the dipole
moment of the associated magnetic field is () = ge*** where

A= lf x A f(x)dV, (2.6)
2)y

V being the volume occupied by the particle. Since the induction problem is linear,
there must exist a linear relationship between # and B,(x). Taking origin at the
centre of volume of the particle, this linear relationship may be expressed in terms
of the value of B, and its derivatives at x = 0:

. _ 3By 3B, u
Ay =4mpsa [atj Boj+aﬂ(jk +a Vi 3, ax } , (2.7)
x=0
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m[By(x, {)+dx - VBy(x, )]

-m —mBy(x, 1)

Figurz 2. Elementary representation of a dipole in terms of magnetic poles +m at separation
dx. The resultant force F and torque G are given by (2.10).

where a;, £, ...are dimensionless tensor coefficients dependent on A and on the
shape of the particle. This is effectively a power series in the small parameter a/L,
since the nth derivatives of B, are of order L™"|B,).

If the particle is spherical, then there is a remarkable simplificationt of the series
(2.7); for then the tensors a,, £, ... must be isotropic, i.e.

ay=aby, Buyc=0, Yyu =780 +yD8;8,+yP8, 8y, .... (2.8)

Hence, firstly, all the odd-derivative terms of (2.7) vanish. Secondly, since V - B, = 0
and (from (2.4)) V2B, = 0, each contribution to the third term of (2.7) vanishes, and
a fortiori, all higher- order even-derivative terms vanish also! Hence we are left with

fi = dnu7l aa®B,, (2.9)

where a(A) is a complex-valued scalar, which may be described as the ‘induction
coefficient’. It is important to emphasize here that B, in (2.9) is evaluated at the
centre of symmetry of the particle, x = 0.

Consider now the mean force F and torque G acting on the particle. Regarding the
dipole g as a pair of magnetic poles +m at vector separation éx (figure 2), elementary
considerations give

F={u-VB) =1Re (i- vé*)1
and G=<{uAB,)=1Re(i /\B*)J’

where (...) denotes the time-average. A formal proof is given in Appendix A that
these are indeed the correct expressions for F and G at leading order in a/L.
Appendix A also indicates how corrections to these expressions at order (a/L)
(associated with the induced quadrupole) may be obtained.

Substituting (2.9) for the case of a sphere, we have immediately

(2.10)

F = 2na%u;' Re (aB, - VB*), (2.11a)
G = 2na®u;  Re (aB, A BY). (2.11b)

Using (2.3), the expression for G may be written alternatively
G = 4na’uy  aWBP A B, (2.12)

t It may be worth noting that the same simplification occurs if the particle has cubic symmetry.
or the symmetry of any other regular solid.
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where a = a® +ia®. Moreover, using (2.4) it is easy to show that F = F*+ F° where
FL = 2m03u-1 0™ (BP - VBP + BY - VBY) = natuy' a®V| B2, (2.13)

and FP = —2na®uy;' a®V A (BE A BY). (2.14)

Here, and subsequently, FL, FP and G can be regarded as functions of the position
x at which the centre of the sphere is placed. Note that F(x) is an irrotational force
field, while FP(x) is solenoidal.

Note also that a non-zero torque G is associated with the imaginary part of « (i.e.
with phase-lag between B, and u) and with non-parallel real and imaginary parts of
B, (characteristic of a multiphase field). Such a field locally rotates with fluctuating
amplitude and period 2%/ in the plane of BP and B{’. The field F® is evidently
related to G by

FP4+V A G=0. (2.15)

This simple result holds however only under the isotropic condition a,; = ad,,.
Consider now the three prototype configurations of figure 1(a—c).

{(a) Rotating field (figure 1a)
Let B{" = B,(1,0,0), B = B,(0, 1,0) in Cartesian coordinates. Then
B® A BY = B(0,0,1), (2.16)
and so from (2.12)
G = 4mu; a®B2a®(0,0, 1). (2.17)

We expect that the torque should be in the same sense as the field rotation, i.e.
G, > 0, and so a®(A) should be positive for all A. This is confirmed below. Note that,
since B, is uniform, F = 0 for this configuration.

(b) Travelling field (figure 1b)

Let
P (x) = Ae*=sinhky (k> 0,|y| <b) (2.18)
so that B,(x) = V¥, = Ak(isinh ky, cosh ky, 0) %=, (2.19)
Hence from (2.13) and (2.14), we find easily
F* = 2nus" a®|A]? kP sinh 2ky é,, (2.20)
and F? = 2nu5' a®|A|? kPa® cosh 2ky é,. (2.21)
Moreover, from (2.12),
G = —2nu;  a®lA|* k*a® sinh 2ky é,. (2.22)

Thus, for the sphere P in figure 1(b) on the plane of symmetry (y = 0) we have
F'=0,G =0, F° = 2na®u;|A4|* K®*«é,. Note that here, the in-phase component of
the dipole moment gives a contribution to the force which averages to zero. For
the sphere @, however, F', FP and G are all non-zero. Again, since, we expect the
drag force F® to be in the direction of travel of the field, i.e. the positive z-direction,
we expect that a®(A) > 0 for all A.

As noted above, the result F© 41V A G = 0 does not hold if a;; is non-isotropic. In
this more general situation, we define F® as that part of the force involving the
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imaginary part af) of a,,. Then for example, if o, = diag(a, #,7), for the travelling
field configuration we find

(FP+1V A G), = maust |42 B3 (e — g9). (2.23)
(¢) Levitating field (figure 1c)
Let )
Y,=Acoskze® (k> 0,y>0) (2.24)
so that B, = V¥, = — Ak(sin kx, cos kx,0) eV, (2.25)

Then obviously B, A B* = 0, so that G = 0 no matter where the sphere is placed, and
so FP = 0 also. Here therefore it is the out-of-phase component of the dipole that
gives a contribution to the force that averages to zero. However, from (2.13) we find
an in-phase contribution:

Ft = —2mu; a®a®| AR kP e Y€, (2.26)

We expect that this force will be upwards since the mean magnetic pressure is greater
on the lower surface of the sphere (where the mean field strength is greater). This
means that ™ (A) should be negative for all A. This also is confirmed below. A sphere
of mass m will then be levitated provided

2musta®la®| |42 k® > my (2.27)

and will then rise to an equilibrium height ¥ given by
3| o () 2 7.3
¥ = _l_ln(Z‘rta DA k )
2k mgho

It remains to find the function a(A)=a®(A)+ia®(A). The details of this
calculation are given in Appendix B, and the result in the case of a spherical particle
is

(2.28)

3(sinh 2A —sin 2A)
4A(cosh 2A —cos 2A)’

'3 3(sinh2A+sin2})
4A? " 4A(cosh 24 —cos2A)’

a®(A) = -1+ (2.29)

a(i)(/\) [E—

(2.30)

These functions are plotted in figure 3, and the expectations a®®(1) < 0, a’(A) > 0 for
all A are indeed confirmed. ¥ has a maximum value af), =~ 0.178 when A ~ 2.4.
Note also the asymptotic behaviour:

(i) A<1: a® ~ —EAY o ~ LA? (2.31)
3 3 3

i . O_13° o2 2

(i) A>1: a 2+4/\, a o iE (2.32)

the last results being exact to within exponentially small terms. In the limit A = oo
(corresponding to a perfectly conducting sphere), @ = —} and the field is totally
expelled from the sphere; in this limit, both G and F® are zero, but the lift force F-
is generally non-zero.

Consider some orders of magnitude for the case of spheres of aluminium for which
7= (4,0)! & 0.16 m* s7!. To achieve maximum drag or torque (A ~ 2.4), we then
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Fiaurk 3. The real and imaginary parts of the induction function a(d) = a®(A)+ia®(a) for a
sphere.

require a’w ~ 1.8 m? s71. For a frequency of the order of megahertz (v ~ 108 s71), this
is achieved with spheres of radius ¢ = 1.3 mm. If such spheres are suspended in a
non-conducting liquid, they can be levitated by a field B of order 107! T(= 10® G).
Incidentally this would be an unconventional and rather dramatic method of heating
the liquid! These orders of magnitude appear quite feasible, so that the effects
described in this and subsequent sections should certainly be amenable to
experimental verification. The effects must inevitably become much weaker as the
particle size decreases if only because of the practical upper limits on the frequency
and strength of magnetic fields that may be produced in the laboratory.

3. Interaction of two spheres suspended in a viscous fluid and subjected to
a rotating field

We have seen that a single sphere subjected to a uniform field of strength B,
rotating in the (x,y)-plane, experiences a torque

G = 4naPu,' BiaVé,. (3-1)

Suppose now that the sphere is surrounded by incompressible fluid of density p and
kinematic viscosity v; that, under the action of the torque G, it rotates with constant
angular velocity £; and that the Reynolds number is small, i.e.

Re = Qa?/v € 1, (3.2)

so that all inertial effects are negligible. Then the velocity field in the fluid (see, for
example, Landau & Lifshitz 1959, p. 68) is

u(x) = (2 A x)(a/r)3, (3.3)

x being measured from the centre of the sphere, and the viscous torque on the sphere
is

G, = —8npra’Q. (3.4)
In equilibrium, G+ G, =0, i.e.
2 = (B:aW/2u,pv)é,, (3.5)
and the condition (3.2) is satisfied provided
V2 aWa?/2v2 € 1 (3.6)
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¥a/ry

(2)
FiGURE 4. (a) Mutually induced rotation of two equal spheres subjected to a rotating magnetic
field. Each sphere spins with angular velocity £ (given by (3.5)) and moves in the couplet field (3.3)
of the other sphere. (b) Meridional projections of sphere trajectories, as given by (3.16).

where V, = B,/(, p)f is the Alfvén speed associated with B,. Note that the angular
momentum of the sphere is instantaneously determined in this approximation.

This derivation is only valid provided the deduced angular velocity $2 is small in
magnitude compared with the angular velocity w of the field, since otherwise the fact
that the particle is rotating would have to be taken into accountt in the induction
problem. This requires that

M2 < 4Q%[aP(A), (3.7)

where M = V, a/(yv)} is the Hartmann number.

Suppose now that we have two equal spheres with centres at x,(f) and x,(¢), where
|x; —Xx,| > a. Then the dominant interactive effect is given by the tendency of each
sphere to move in the velocity field induced by rotation of the other. Consider first
this effect alone; the equations of motion are then

dx;, _ dx, a\?
where 7,, = |x, — x,|. Hence the midpoint X = }(x, + x,) of the line of centres remains
fixed. Taking this point as origin and x, = x, x, = —x, r = |x| = }r,,, we have
dx a\?
i@ axn(?). (3.9)

so that r remains constant, and the point x(t) rotates about an axis through % (= 0)
with angular velocity 102(a/r)? (figure 4a).

There is a correction to this behaviour at higher order in (a/r) resulting from the
fact that each sphere experiences a force +F due to the magnetic field gradient

+ It is not in fact difficult to do this — see Moffatt (1980) — since the ‘inducing’ angular velocity
® need merely be replaced by o —£2.
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induced by the presence of the other sphere, thus giving an additional velocity + V
where, assuming a Stokes drag,

V = (6npva) ! F. (3.10)

The field in the neighbourhood of the sphere at x, (= x) is to good approximation the
basic uniform field plus the dipole perturbation associated with the sphere at
X, (=—x), i.e

P - 0 (1
= lya? =
B, =B, +300a B‘”@xi@xj (r) (3.11)
From (2.11a), the force on sphere 1 is then
F,= —|a|2Re B, B )—i— 1 (3.12)
Oz, Ox,; O, \ 7 )

With B, = (B,/+/2)(1,%,0), as appropriate for a field of strength B, rotating in the

(x,y)-plane, this reduces to

3nabla|? B2
8o’

where R = (z,y,0), 2 = (0,0, z). Similarly, the force on sphere 2 is — F. The additional
velocities I V are then always in the meridian plane which rotates with the spheres.
With coordinates (R, ¢,2) (and r? = R*+2?) the corrected vector equation

& @ (§)3+(6npm)-lp (3.14)

F="" 200402 R R+ (2:2—3R?) z), (3.13)

has components

dR (4*—R)R d¢ _ Qa® dz 0(222——3R2)z

Ti? = C——T7 y dt 41‘3 s Et' = ———1‘7 y (315(1, b, C)
where C = a®|a|® V% /16vu,. The R and z equations have an integral
ZR2
———— = const,. 3.16
B+ (3.16)

and the spheres therefore move on these curves on a meridian plane ¢ = ¢(¢) which
rotates according to (3.15b) (figure 4b). The description is of course valid only for so
long as > a.

Note that the ratio of the second term on the right of (3.14) to the first has order
of magnitude

|(6npva) F Mf(g)”
Ha A x) @l &\ 317
. . a2 a®
and is small provided (;) <& o (3.18)

Under this condition (satisfied provided A is not too large), the relative drift
associated with the forces + F is weak. When more than two spheres are eonsidered,
the separation of any two centres changes because of perturbations associated with
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other spheres, and it then seems reasonable to neglect the interactive force + Fin a
first approximation.

There are of course further higher-order effects which we have ignored in the above
treatment. For example, the velocity — ¥V of sphere 2 induces a velocity of order
|V(a/r)| in the neighbourhood of sphere 1; this leads to a further term on the right
of (3.14), but smaller in order of magnitude than those already exhibited. Equation
(3.14) is at best a reasonable approximation, uniformly valid (for all A) when
afr <1.

4. Interaction of N spheres

Suppose now that we have N equal spheres with centres at x,(f) (n =1,2,...,N)
and separations r,,, = |x,, —X,|. Let » be the minimum separation; then under the
condition (3.18), the equations of motion at leading order are

dx,, , a\?

‘—dt— =N A 23 (xm x")(a;) , (41)
where the prime on the summation indicates that the term for which n =m is
omitted. With 2 = (0,0,€) and x,, = (Z,,, Ym: 2m)> We have immediately from (4.1)

d .

-% =0, ie.z,=2Z,(const.), (4.2)
i.e. each sphere centre moves on a plane z,, = Z,,. Its coordinates on this plane are
easily seen to satisfy

dz,, OH dy,_ ¢H

dt oy, dt o, (43)

where H(Z o, Yy L) = R0a% X} 1,1 4.4)
m,n

The equations (4.3} (for m = 1,2,...,N) constitute an autonomous Hamiltonian
system of order 2N. An immediate integral is

H(zx,,,yn,2%,,) = const. (4.5)

The similarity with the N-vortex problem of classical hydrodynamics is now clear,
only the Hamiltonian H having different form. The following discussion is guided by
that for the N-vortex problem (Aref 1984); it admits trivial extension to the case of
N spheres of different radii and/or conductivities. Note first the obvious further
integrals of the system (4.3), (4.4):

P=me> Q=Zym’ D=Z(x3n+y3n) (4.6)

Hence the three-sphere problem (I = 3) is described by a sixth-order system with
four integrals, all of which are independent. It is therefore integrable, the mth sphere
centre following a quasi-periodic orbit in the plane 2, = Z,,. Note however that
inclusion of the weak forces of interaction + F,,, between the spheres (as discussed
in the previous section) will probably trigger chaotic behaviour even for the three-
sphere system.

For N =4, the system is eighth-order, with four independent integrals, and the

motion of the sphere centres may be expected to be generally chaotic in these
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y :

(@) ®

FicUrE 5. Trajectories for the four-sphere problem, each sphere moving in the couplet fields of the
other three: (a) initial positions (+2, +1) {marked by +); (b) same as (@) except that sphere at
(2,1) is moved to initial position (2.2,1). Z, = 0 for all n. Case (@) shows a quasi-periodic orbit; in
(b) the symmetry is broken, and the orbit is chaotic.

circumstances. This prediction is qualitatively confirmed by numerical integration:
figure 5(a) shows the orbit of one sphere starting from an initial condition in which
the four spheres are at the corners of a rectangle (12, +1); here the symmetry of the
system implies that (x,,y,) = —(z,,y,) and (x,,y,) = — (x,, y,) for all ¢, so that there
are four degrees of freedom and two non-trivial integrals (H and D), the system being
therefore integrable. If however the initial rectangle is perturbed (figure 5b), then the
symmetry is broken and chaos ensues. Thus the behaviour is qualitatively similar to
that of four interacting point vortices (Aref & Pomphrey 1982).

5. Behaviour of a dilute suspension of spheres

Suppose now that a dilute suspension of conducting spheres is contained in a fluid
domain 2 with fixed rigid boundary 02, the whole being subjected to the general
periodic magnetic field (2.1). We shall suppose that the volume concentration ¢ of
spheres is small (¢ < 1), and we shall allow for the possibility that ¢ may be non-
uniform and unsteady, i.e. ¢ = ¢(x, ).

As shown in §2, each sphere experiences a force F = F~+ F® and a torque G given
by (2.12)—(2.14). The torque is transmitted to the fluid by the Stokes mechanism
described in §3; similarly the force F is transmitted to the fluid through the relative
velocity ¥V = (6npva)~' F between sphere and fluid that it generates and the resulting
Stokeslet flow. Viewed macroscopically, there is therefore a body force distribution
o(F+ F?) and a body torque distribution ¢G (both per unit volume) where

Fr=3u7'a®V|B 2, FP=-1V A G, (5.1a, b)
G = 3u;1a(BP A BY). (5.1¢)

Note again that particle momentum and angular momentum are instantaneously
determined in this approximation, effects of inertia being neglected.
1t has been shown by Batchelor (1970) that, whenever a body torque distribution
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¢G(x) is present, angular momentum balance for a ‘macro-particle’ requires that the
bulk stress tensor o, must have an antisymmetric part given by

o =}oy—05) = Gy, (5.2)
with a corresponding contribution to the Navier-Stokes equation

0
5";05?) =1V A ¢G), (8.3)

Hence the Navier-Stokes equation for the bulk motion u(x,t) becomes

D o o ~
pﬁlti =—Vp+cFE+cF°+1V A ¢cG+pvViu. (5.4)

If ¢ is uniform, then the terms involving FP and G exactly compensate by virtue
of (5.1b); moreover, since F* is irrotational, the term ¢F~ may be absorbed in the
pressure term through definition of a modified pressure

P = p—3c(u,p) @B, 2. (5.5)

Apart from this pressure adjustment and the appearance of a (generally non-
uniform) antisymmetric stress oy, there is no effect at the macroscopic level, and in
particular no macroscopic velocity field is generated. This is an astonishing
conclusion, given that each conducting sphere generates a couplet and a Stokeslet by
virtue of its rotation and translation relative to the fluid. It just so happens that FP
and G are related by the special condition FP +1V A G = 0, which leads to vanishing
of the rotational part of the mean driving force in (5.4) when ¢ is uniform. Hence the
net effect of superposition of all the couplets and Stokeslets is zero.

A similar conclusion has been reached in a related, but more restricted, context by
Jansons (1983) who found that a homogeneous ferromagnetic fluid in a circular
cylinder subjected to a uniform rotating magnetic field is not set in bulk rotation,
although each microscopic dipole rotates with the field. The antisymmetric stress
established in the fluid is absorbed at the boundary which exerts a couple equal and
opposite to the integrated torque acting electromagnetically on the fluid. The fluid,
although at rest (in bulk), is stressed in the same way as would be an elastic medium
subjected to a torque in & but fixed on 82. The way in which the phenomenon of
magnetically induced rotation may be applied in the context of viscometry has been
discussed by Brancher (1988).

6. Role of the particle force F in generating inhomogeneity

Each sphere in the suspension considered moves with velocity V = VL4 VP
relative to the background fluid where

VYt = (6rnvpa) ' FX, VP = (6mvpa)™ FP, (6.1a, b)
with VAVE=0, V-VP=0. (6.2)
This relative velocity is large compared with any bulk velocity generated, which is

at most of order |Vc|. Hence ¢(x, ) satisfies a conservation equation which, at leading
order, is
de

a—t+v (Ve) =0, (6.3)
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Fraure 6. Lift force on suspended spheres: (a) a rotating field provides a force F* towards the
centre of rotation so that all spheres are driven to the interior of the domain 2; (b) a single phase
field of the form (2.25) produces a force field FT in the y-direction, so that all spheres ‘sediment’
towards the lower boundary.

or %§+ V-Vec=—cV:-V=—cV- VL (6.4)
Since V - V1 is in general non-zero, this means that ¢ will not remain uniform even
if uniform initially. In fact, from (6.1a) and (2.13),

V. VL= (a®a®/6p,pv) V3 B,[2, (6.5)

so that inhomogeneity must develop if V3| B,|2 + 0.

There is a further source of inhomogeneity arising from conditions at the boundary
02 of the fluid domain, where in general V- n % 0. If V- n < 0 (where n is the unit
outward normal) then all suspended spheres near the boundary move into the
interior of & leaving a layer near 02 where ¢ = 0. If ¥ - n > 0 on the other hand, then
spheres are driven onto the boundary just as in a process of gravitational
sedimentation of particles onto a solid base. Both situations can arise, as illustrated
in figure 6(a, b).

As soon as inhomogeneities of ¢ appear in the suspension, a bulk flow will in general
appear also, as may be seen by rewriting (5.4) in the form

p%:- = —Vp+cF—1G A Ve+prV2u. (6.6)

The term —3G A Ve is now directly responsible for driving the flow. Moreover, since
V A (cFY) = —F“ A Ve, (6.7)
the term ¢FL may also generate vorticity like the buoyancy force in a Boussinesq
fluid. The former effect is present in the prototype configurations of figures 1 (a, b),
and will now be analysed in detail.
6.1. Rotating multvpole field
Suppose that 2 is the cylindrical domain r < b, and that
P, = Armeim? (6.8)

with cylindrical polar coordinates (r,,2), where m is a positive integer. The case
m = 1 gives F =0, G = const. and cannot therefore generate a bulk flow if, as we
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TIGURE 7. Action of a rotating field (m = 2) on an initially uniform suspension. The spheres are
uniformly concentrated within a shrinking cylinder of radius b e™*, and a vortex flow with uniform-
vorticity core is established.

shall suppose, the concentration c¢ is initially uniform. We shall therefore suppose
that m > 1. The behaviour is sufficiently well illustrated by the choice m = 2, for
which we find from (2.13)

FL = —kré,, (6.9)
where k= —16na’uzta®@|42 (> 0). (6.10)
The corresponding inward particle velocity is

Vi =—gsré,, (6.11)

where s = (6mpva)'k. The conservation equation (6.3), with effective initial
condition

<b
ofr,0) = {% (r<?b) (6.12)
0 (r>0b)
then has solution
28t —8t
e(r,t) = {c"e (r<be™) (6.13)
0 (r>be™™),

i.e. the suspended spheres are simply uniformly concentrated within a contracting
cylinder of radius R(t) = be_*. The situation is shown in figure 7.
The torque distribution G for this field is

G = G, r%,, (6.14)
where Gy = 12u51 a®}A|2. (6.15)
Hence —1G A Ve = 1G,c e 8(r—R(t)) R%, (6.16)

so that we have an effective force in the #-direction concentrated on r = R(t).
The driven flow has the form u = (0, v(r, ), 0) and if we suppose that inertia forces
are negligible then, from (6.6), v(r,t) satisfies

(Va_l),, _ _%%i_oezsmza(r— R(t)). (6.17)

y2
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The solution satisfying »(b) = 0 and »(0) finite is

——(;" 2e—1)r  (r < R()
o(r,t) = P (6.18)
G,c, r2\ bt

The circulation at r = R(t) is
k = 2nRv(R, t) = 2nG c,(pv) 1 b(1 —e™%), (6.19)
tending to the constant value 2nG,c,b/pv ast— o0. Thus the asymptotic flow is that
due to a concentrated line vortex with superposed rigid-body rotation to satisfy
v(b) = 0.
6.2. Travelling field
Now let 2 be the channel {y| < b and let

P, = A "% sinh ky (6.20)
as in §2. Then F* is given by (2.20) so that the concentration c(y, ) satisfies
dc 0 .
Frie @(Vocsmh%ay), (6.21)
where Vo = —ima®|AP BPa® (uy pv)™t (> 0), (6.22)
and we require the solution satisfying the initial condition
<b
0 (lyl>b).
First consider the equation
%_); = — V,sinh 2kY (6.24)

with initial condition ¥(0) = ¥;. The solution is given by
tanh kY () = e 2"o* tanh (kY,) (6.25)

and, in particular, the layer of spheres initially at (or very near) the boundary
y = b moves at time ¢ to

y = Y,(t) = k' tanh™! (e72"o¥ tanh kb). (6.26)
The solution of (6.21) for |y| < Y;(!) may be found by the change of variable
X = tanh ky, and is
co€2Vo* sech® ky
1—e%o¥ tanh? ky

c(y,t) = (vl < K(#)). (6.27)

Also ¢(y,t) = 0 for |y| > Y,(¢). There is a discontinuity of ¢ across y = Y;(¢) given by
Ac = [c] = —c, (€*"*** cosh? kb — e 2¥o* sinh? kb) (6.28)
(see figure 8).



A suspension of particles in a periodic magnetic field 525

Ay
> gltkz—ut)
y= [ Jaomiomememncomn. sus 45 S0 S o 5 o N o BN o B ¢ NN N

(a) kb < 1 b)Y kb> 1

Ficure 8. Action of a travelling field on an initially uniform suspension of spheres in the channel
lyl < b. The situation is symmetric about y = 0, and only the upper half of the channel is shown.
The suspension is concentrated at time ¢ within the slab |y| < ¥,(¢). (¢) kb < 1: a piecewise-constant
vorticity distribution is established. (b) kb > 1: a é-function in concentration appears on y = Y,(t),
and this generates an associated vortex sheet in the bulk flow.

If kb < 1, the situation is very similar to that considered in the previous example.
In this case, c(y,t) ~c,e®"o* for |yl < Y(t) ~be 2¥, s0 that the velocity

= u(y, t) €, is driven by the discontinuities of ¢ across y = + Y (¢). Neglecting inertia,
and with Gy = u5? 2na®|A|* k¥, we find

Gy co kb? lyl
—V'p-'—(l -—b—) (Iyl > K@)

uly,t) = (6.29)

’ 2
g‘%(1—62%“) Iyl < Yi(t)),

so that, as t > 00, a vorticity discontinuity

[w,] = 2G5 ¢, kb/vp (6.30)

tends to form on the plane y = 0 towards which the suspended spheres are driven.

If kb > 1, the situation is more complicated because the bulk velocity is driven by
the variation of concentration for |y| < Y,(¢) as well as by the jumps in ¢ across
y = 1 Y(t). The total variation of concentration however is confined to layers of
thickness k™' on y = + Y;(¢), and the conductivity distribution may be approximated
by

oy, ) = o[l —H(y—T,) + (b~ ) 8y—T,)], (6.31)
where H(x) is the Heaviside function. A simple calculation then gives

Gocob; ( |y|>
h2ky,(1-2
uly, ) = 2py SRZRH{L=S0) (] > 1)

0 (gl < 1),

(6.32)

so that now a vortex sheet appears on y = ¥,(t). Of course in reality, this vortex sheet
is ‘smoothed’ through the layer of thickness k1.
The two situations are sketched in figure 8(a, b).
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7. Conclusions

We have shown that a single conductlng particle placed in a time-periodie
magnetic field of the form Re (B( ye~if) in general experiences a force F and a
torque G, which are functions of the position x of the centre of volume of the particle.
The force F has a natural decomposition F = F*+ FP, where V A FX =0,V . FP? = (;
and if the relationship between the induced dipole moment 4 and B is isotropic (as
for a spherical particle) then there is a simple relationship between F® and G, namely

FP+lV A G=0. (7.1)

If two or more particles are suspended in a viscous fluid and subjected to such a
field, then each particle will move in response to the force and torque acting on it and
will at the same time be convected by the Stokes flow (a superposition of Stokeslets
and couplets) induced by the other particles. Examples of such interactions are given
in §§3 and 4 for the particular case of a uniform rotating field, in which case there is
a compelling analogy with the classical problem of interaction of point vortices. In
particular, the motion of four or more spheres must in general exhibit chaos.

When a suspension of particles is considered, it is shown that the condition (7.1)
implies that in any region in which the concentration ¢ is uniform there is no net local
force to drive a bulk flow. Bulk flow can be driven only through interaction of the
body torque distribution G with the spatial gradient of ¢ through a term —1G A Ve
in the bulk equation of motion. Inhomogeneities of ¢ are generated by the ° lev1tat10n
force F* through a process analogous to sedimentation in a gravitational field. Two
examples of flows driven by such a combination of effects are analysed in §6.

An initial aim of this investigation was to determine whether a homogeneous
suspension could be set in rotation by a rotating magnetic field, as happens for a
homogeneous fluid conductor (Moffatt 1965). The results of §§5, 6 show that a
uniform rotating field acting on a homogeneous suspension will generate no bulk
flow ; but that rotation can be induced by a rotating multipole field; and similarly
that bulk transport can be generated by a travelling field, although only with an
accompanying development of strong inhomogeneity in the suspension.

If the constituent particles of the suspensnon do not have spherlcal or equivalent,
symmetry, so that the relation between 4 and B,, although linear, is non-isotropic,
then (7.1) no longer holds, and more subtle effects may be anticipated. For example,
if the particles are needle-shaped, then as a particle rotates under the action of a
torque G, the induction tensor a,; in the relationship between /, and waill become
time-dependent and the force and torque on the particle will change accordingly.
Determination of the motion of such a particle is then quite a complex problem ; but
this is just a preliminary to understanding the behaviour of a suspension of such
particles.

There are certain obvious points of contact in all this with the theory of
ferromagnetic suspensions (Rosensweig 1985) in which microscopic dipoles respond
to the direction and strength of an applied magnetic field, whether steady or
unsteady. The novel features in a suspension of conducting particles are that the
dipole moments are themselves induced by time-variation of the applied field and
that the relation between j and B, is then linear. These features lead to a class of
problems that have some fundamental interest, and that may have some practical
application in relation to metallurgical processing.
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Appendix A. Justification of (2.10)

Choosing origin at the centre of volume of the body, we may expand the
unperturbed field ¥,(x) in Taylor series

P (x)— P,0) = b x; +4c,; x,+%dtﬂx,xjxk+ e (A1)

the corresponding expansion for By(x) being
Byu(x) = by+cyyxy+ 3y 2,2+ (A 2)
Here, b= By(0), ¢y = (0By;/3)),_0, ete. (A 3)
and obviously Cy==¢Cy €53=0, (A 4)

with similar constraints on higher-order coefficients.
The induced currents in the body perturb this external field to the form

Y =9,+9, (A 5)
4n) -~ . 1, ,, & (1
where (/40) YV.=@-V) r+ w’kW(r)-{— e (A 6)

ie. a sum of dipole, quadrupole and higher-order ingredients. The field outside the
body is then B = B,+ B, where

4 02 (1 o? 1
(;;)Bl( *) = kg 69:() 2"""aaa‘ax,.aaa,,(?)“L‘‘" (A7)
The mean Lorentz force distribution in the body is
s B 10
fi=tRe(j A B*)t=§‘a;ﬂj’ (A8)
where o Ty = Re (B, B¥ —1B*4,), (A 9)

the Maxwell stress tensor. Since J = 0 outside the body, the total force F and couple
G may be expressed as surface integrals over a sphere 4 of radius R containing the
body:

Fi=ff,.dV=éf T,,n,d8, (A 10)
A

G, = J(x A AV = %f €4 %y Tyym, dS. (A11)
A

These expressions must obviously be independent of R; hence the only part of T,
contributing to (A 10) must be that part (7%} say) proportional to "%, and the only
part contributing to (A 11) must be that part (7) proportional to 2.

It is easy to see that the leading-order contribution to 7" comes from interaction
of the fields ¢, x; and j, (6*/0x,0x,;) (1/r), and the leading-order contribution to T
comes from interaction between B, and j,(0%/dx,0x,)(1/7); explicitly, at leading
order,

* /1 2 (1 2 /N1
4 .F) = * ]y —————
7‘T§j Re(cjm m/l'lca ka( )+ Ctm "'""’ax,ax,,( ) C’""x"'"‘ax,,ax,( )311)
(A 12)
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and
(1 @ 1 o (1
6) kO (CV\yprp 9 () prp Z (-
4T = Re (bl e 3, 3a, (r)+bj e 52,07, (r) b¥ i, o, o, (r) Sﬁ). (A 13)

Hence by substitution in (A 10) and (A 11) respectively, F and G may be calculated.
With repeated use of the isotropic integral

2 (1 4n
J;_R Ty Ly, W (;) d4 = ?"(63“: 8im— 04y Om — Oum Opic)s (A 14)
we find F, = 3{Re (i, c}), (A 15)
G,=3Re (etjk/zj b%), (A 16)

which are, as expected, identical with (2.10) (using (A 3)).

This is of course reassuring, but it has the added bonus that higher-order terms in
(a/L)? may be obtained if required. The correction to F}, of order (¢/L)?, involves the
product /i, dY,, or equivalently a term of the form

Fieom) = yRo iy, D00 (A 17)
i -2 Ak ax-’ axk .
Similarly, the correction to G, at order (a/L)? is
*
O = 4R (cyu i ). (A 18
m

Appendix B. Determination of «(A) for a spherical particle

Since « is independent of B (x), we may assume that B, is uniform and real, so that
the applied field is B,coswt. For r > a (where a is the radius of the sphere), the
modified magnetic potential is then

3
P(x) =b,xi(1—9‘%), B 1)
where b = B,, and « is as defined in (2.9).

The induction problem is most easily solved in terms of the scalar field P(x) defined
by

B=V AV A (xP(x)), (B 2)
which, for r > a, is related to ¥ by
W=P+(x-V)P=%(rP). (B 3)
3
Hence, P=(b-x) (%m(%) ) > a). (B 4)

Unlike ¥, P is defined also for r < a, and there satisfies

V2P = —jwp, 0P (r <a). (B 5)
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Moreover, continuity of B across r = a is satisfied provided
[Pl =[0P/dr]=0 across r=a. (B 6)
The solution of (B 5) regular at r = 0 is

P=p(2)e-0i(L) v<a, B7)
where 7= (1+i)A (B 8)
and jul2) = 5‘;’;—“’:2, (B 9)

the spherical Bessel function of order one. The continuity conditions (B 6) now give

Bi(n) =3+, Brji(n) = 322, (B 10)
so that, after some simplification,
—nj1+J1 1[3001;7] 3 ]
q=o = oSy (B 11)
23 +2%) 2L 9 7

which together with (B 8), determines a(A) = a®(A)+ix®(A). The real and imaginary
parts of (B 11) give the results (2.29) and (2.30).

The solution as found here was first described by Lamb (1883) as part of a general
study of electromagnetic induction in a spherical conductor.
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